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THE COMPRESSIBLE LAMINAR BOUNDARY
LAYER WITH HEAT TRANSFER ON
A YAWED CONE AT SMALL ANGLE

OF ATTACK

ABSTRACT

by

Richard J. Bodonyi

A perturbation method for the calculation of velocity and
temperature profiles and skin-friction and heat transfer coefficients
is presented for the flow in the compressible laminar boundary
layer about a yawed cone in a supersonic stream. Both insulated
and noninsulated surfaces are considered.

Numerical solutions of the governing differential equations
are given in terms of universal functions which are tabuiated for
Prandtl numbers of 0.72 and 1.00. Theoretical heat transfer rates

are compared to existing experimental data.
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I. INTRODUCTION

The compressible laminar boundary layer on a yawed circular cone
in supersonic flow has been the object of several investigations. One
reason for this is that the circular cone is a good approximation for
the nose portion of a pointed supersonic aircraft fuselage or missile.
It is thus desirable to have some knowledge of the flow field and heat
transfer rates about a yawed cone to help in design considerations of
such bodies. Therefore this report will consider both the flow field
and heat transfer associated with the laminar boundary layer of a
cone at small angles of attack.

F. K. Moore (Ref. l) was the first to develop the governing
equations applicable to the compressible laminar boundary layer about
a general conical body in supersonic flow. In that report Moore con-
sidered the boundary layer equations in implicit co-ordinates and
applied Howarth-Mangler and similarity transformations to obtain a
form of the boundary layer equations applicable to cones in super-
sonic flow. Using these governing equations he then considered the
case of an insulated cone with a Prandtl number of one. In reference
2, Moorgxemployed a perturbation analysis about zero angle of attack
to find solutions to the governing equations for small angle of attack.
These solutions may be applied around the entire cone. For cones at
large angle of attack he obtained exact solutions to the set of non-
linear ordinary differential equations (Ref. 3). However, these

solutions are restricted to the plane of symmetry. For large angles




of attack the analysis failed to give unique solutions on the leeward
side of the cone. Beyond a certain angle of attack, the boundary

layer flow no longer existed in the plane of symmetry possibly indicat-~
ing the occurence of separation.

Reshotko (Ref. 4) relaxed the condition of an insulated cone for
the large angle of attack case, and consequently determined the heat
transfer rates to the cone along the windward streamline in the plane
of symmetry.

Nowlan (Ref. 5) extended the analysis of Reshotko to treat the
boundary layer along rays of the cone other than in the plane of sym-
metry. Hence, in this case, the cross flow velocity need not be zero.
He found numerical solutions to the governing equations for small
angles of attack‘which agreed well with experimental data to a point.
For larger angles of attack Nowlan was not able to obtain solutions
around the entire cone.

The purpose of this study is to generalize the solutions obtained
by Moore (Ref. 2) for the cone at small angle of attack by removing
the restrictions of insulated surfaces and unit Prandtl number. The
solutions are obtained by a perturbation in angle of attack about the
zero angle of attack solutioms for the cone. Although the theory
applies for any constant Prandtl number, the numerical solutions are
limited to Prandtl numbers of 0.72 and 1.00. Also, for the case of
heat transfer, results are limited to constant wall temperatures for
the cone. The insulated and heat transfer problems are treated sep-

arately, and the solutions for each are presented in tabular form so




that for a particular application the work is reduced to arithmetic
combinations of the tabulated wvalues. In reference 4, it is reported
that G. M. Low completed an analysis equivalent to the one presented

herein. That study was never published and is presumed lost.




II. DERIVATION OF GOVERNING EQUATLONS

II. 1 Coordinate System

This report considers the flow of a viscous, compressible,
heat conducting fluid over a circular cone. For a fluid of small
viscosity (e.g. air} it is known from observation that when the
fluid flows past a solid surface there is a thin layer where the
velocity of the fluid undergoes a rapid change from the surface
value to that asscciated with the inviscid steam flowing past the
object. In this layer the viscous and inertia forces are of
comparable magnitude due to the fact that the space rate of change
of the shearing stresses may be very large. Using such an argu-
ment to order the equations of motion, the boundary-layer equations
can be obtained.

Since Moore in reference 1 presented the development of the
compressible laminar boundary layer equations for a conical body
in a definitive manner, most of the following formulation will be
guided by his analysis.

Because a circular cone is a developable surface (i.e., one
that can be rolled out into a plane without stretching) it is
possible to define the governing equations in Cartesian form on
the geodesics of the surface. Verification of this by Mager can
be found in reference 6.

For the circular cone the geodesics are the rays and the

circles in planes normal to the cone axis, Thus we can define the




following orthogonal coordinate system:

1. The body surface is defined by y = 0

2. A point is defined by the coordinates x, v, r{x)s
where x is the distance along a ray of the cone, v is the distance
normal to the cone surface, s iz a dimensionless angular coordinate,
and r{x) the radius of a cross-section of the cone (see figure 1).

For a circular cone we have

Pexys X & BT SING, (1)

In this system then, if the velocity components are u, v, and

w in the %, v, and s directions respectively, the compressible

laminar boundary layer equations for a steady flow of an ideal gas are

CONTINULTY
_é;(pru} 4}4;2@ pm‘}w;a JL (pww)» (2a)
MOMENTUM
WU 4vrdw 4 Lwrdd _xmw?) s L de , j:( 24 (2b)
P( ox g oy * a8 P ) on M
B (2¢)
oy O(r) c
P(um PR 4 wagg&m&mw)mm@xuﬁi(ﬂgj (24)
d% oy p @S P res oY

ENERGY

UOE 96 , w 2EN _ cé.nm(v»u Qv
P(arx#\r@j%rés 3@[ )%&y

*f%{j” Haw>( \}} Ef%) (2e)




STATE
p= pRT (2f)

The energy equation (22) can be simplified by combining {(2a) and

(2f) with (2e) and recalling the definition of the enthalpy

h = E + p/p and making the assumption that the Prandtl number is

constant. Thus the energy equation becomes

f:(l,i&m‘\#\r;éhwp ggih): w P 4 w OF
8% By r B3s, o r 23

LG T s ()

The appropriate boundary conditions for the above equations are

At y = 0: usv=ws0 , hﬁhw {constant wall temperature)
~ &h o ‘ .
or §§=i 0 {zero heat transfer)
As y 01 u=u,_ , W§we s hzhé

1. 2 Inviscid Flow Field

In order to examine the boundary layer development on a yawed
cone, it is necessary to have some means of describing the invisecid
flow field about the body, particularly the components of velocity
and the properties of state occurring on the body surface, Sims
has prepared:an extensive set of tables (Ref. 7 and 8) which ade-
quately describesthe inviscid flow field past a circular cone at
small angles of attack. Tt {3 based on Stone's theory (Ref. 13)
which is essentially s perturbation of the fiow variables from
their values at zero angle of attack. Sims' results actually apply

at the outer edge of the vortical layer which is a transition region




in which the form of the entropy changes from a constant value at
the cone surface to a cosine variation to first order in angle of
attack away from the surface., However, Moore in reference 2 argues
that the boundary layer flow is governed by the flow field external
to the vortical layer if the boundary layer is much thicker than the
vortical layer. Thus in this case the results of Stone's theory
can be applied without any appreciable error being introduced.
Further verification that the vortical layer can be neglected in
practice can be found in reference 9.

On the cone surface, the theory for small angles of attack
used in reference 8 yields results which may be written in the

following dimensionless (see page 12) manner:

)

Ug= 7 » & A Cosg (4a)
wd = a8sivg | (4b)
Pt = 7/ # K Bcesd (4e)
' = 7' - «Dcosg (4d)

Where the coefficients A, B, Pz, D are given by the following rela-
tions in terms of quantities (evaluated at the cone surface)
tabulated in references 7 and 8 and are independent of ¢, the

angle of attack:

A = Mz _ (5a)

l T+l ) ) S %
. Ay LRus R M (5b)

sive, MY

B




_ et Mk + Sa (5¢)
= [(Hl)-»(zr-n‘)MT R:}

_ gm0 T (5d)
(x+1) = (¥-1) M#?

The right hand sides of the above expressions are in the notation
of reference 8. The subscript "1" refers to quantities evaluated
at zero angle of attack while "2" refers to those evaluated at an
angle of attack.

Equations (4) give the boundary conditions to be imposed on

the viscous flow at the outer edge of the boundary layer.

I1. 3 Definition of the Vector Potential

In steady compressible two-dimensional flow the stream func-
tion, defined so as to identically satisfy the continuity equation,
is introduced in order to reduce the number of dependent variables
occurring in the governing equations.

In three-dimensional flows, however, the conventional stream
function cannot, in general, be used since it does not allow for
the extra velocity component present in such flows.

Seeking to extend the stream function concept to steady,
three-dimensional flows, Moore in reference 1 introduced a two-
component vector potential whereby the scalar functions Y and ¢

are defined in terms of the mass flow component by writing




o¥

prw = _gg_ (6a)
prv = -2% - 1 08 (6b)
o r 2s
= 3 (6(:)
prw = 2%
oy

With these definitions the continuity equation (2a) is
identically satisfied and the number of dependent variables
reduced by one. Moore in reference 1 pointed out that this
particular choice does reduce to the conventional stream function
for two-dimensional flow, and he further proved the existence of
this two component analog to the stream function for three-
dimensional flows.

Substituting the definitions (6) into (2) and (3), the equa-
tions of motion, employing the subscript notation for partial
differentiation, become

MOMENT UM

# B R) (P ) (5 ) m b (B,
EOLE = -4k, o

5 (5 )x (% *"%}‘)(F% ';’)y Fin f,(}'; §,>5

w1 S i (7)
T e B . B +[/‘L(Pr~ é—y),]y
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ENERGY
L b (BrFE)hy + b= Y B AR
+M{[(—f/;\1’v>y]z+[(ﬂ§>}}+-L(/1/7 ), (7¢)
STATE

= pRT (7d)

Here we note that even though —;-— 0(1) in the boundary
layer the actual change in pressure in the boundary layer is of
the order of the boundary layer thickness §. Thus for a thin
boundary layer we can assume that the pressure in the boundary
layer does not depend on the normal co-ordinate and take the
value of the pressure in the boundry layer to be the same as
that in the external flow. Hence in equations (7) we have
P = P(x,s) to order §.

The boundary conditions to be applied to equations (7) are

At y = 0:
wlx,0,s)=0 or Y (%,0,8)=0 (8a)
wi(%,0,s)=0 ov {,(9&,0,5) =0 (8b)
vixos)=0 or Exos)+ L (xos)=0 (8c)
P 3
h(%,05)= hy(xs) (8d)
As y > o=
ulr,=,s)= U (%3)  or H(xee,s) = Fo P Ue (%,8) (8e)
wrr,ee,5)= We(&,s) or  Fylx,=,5) = g r wp(x,s) (8£)

h(%,00,5)= h(%,5) (88)




il

Equation (8¢) inm {its present form is not convenient for appli-
cations, but Moore in reference 1 shows that it is possible to
separate ¥ and ¢ with respect ¢o their boundary conditions, and

hence equation (8c) may be replaced by

Yi(xes)= Elxos)=0 (8h)

The effect of this substitution is that it causes the solu-

tions for ¥ and ¢ teo be unique.

I1. 4 Viscosity-Temperature Relation

In this report it will be assumed that the variation of
viscosity with temperature within the boundary layer can be

adequately represented by the Chapman-Rubesin relation (Ref. 10)
- v
Wl {: 9)

where the barred quantities refer to properties in the inviscid
flow field at zero angle of attack, evaluated at the cone surface.
The constant ¢ is chosen so as to give the best agreement
with the actual viscosity relation over the desired temperature
range. For example, if we used the Sutherland formula for the

viscosity~temperature relation

._4{,_(7‘)3/2(?+s' (10)
AL

AT 'T+S'

and we are interested in quantities near the surface of the cone,




1z

then we pick G so that equation (9) intersects equation (10) at

Two Then it follows that
¢z [T T80 (1)
T\ Twrs

$’= (1a98°R) 2Cp
‘J"Z

where

II. 5 Non-Dimensionalization

It is advantageous to non-dimensionalize the governing
equations so that whole families of solutions to the governing
equations can be characterized by a single set of equationms.

Since this report deals with small angles of attack, and
the subsequent small departures of the flow field from that
occurring at zero angle of attack, all physical quantities shall
be nondimensionalized with respect to the inviscid flow field
at zero angle of attack. Letting a bar (—) denote the property
at zero angle of attack, evaluated at the cone surface, the

following nondimensional quantities appear:

x5yt et o= %(%) ; y(f/—;—), r(%)

3*'—'5 ; Pek: _.j?ﬁ (12)
o
Th=2el pr= £
U fu
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L2 A ‘P(ﬁlﬂ_ﬁ: ; é(ﬁl)a_'_
$u CR/FPu

Since this problem concerns an infinite cone there is no
characteristic length as éu@h for the body. The quantity used,
q;%%), can be considerad as a Reynolds number per unit length.
This term is related to the propagation of viscous effects in the

flow, and for this reason Lagerstrom (Ref. 11) has referred to it

as a "viscous length.'

IT. 6 Transformations of Governing Equations

I1. 6.1 Howarth's Transformation

The system of governing equations given by equations (7),
while complete, is complicated and would be difficult to solve.
Thus the next step in the development of the problem is to seek
possible simplifications of the governing equations.

In an attempt to simplify the laminar, compressible boundary
layer equations, Howarth developed a transformation which, for
zero pressure gradient inm the x-direction and/4 proportional to T,
correlates compressible and incompressible boundary layers. By
suitably stretching the normal coordinate, he was able to reduce
the’cempfessible boundary layer equations to an almost incompres—

sible form.
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For the problem under consideration the following transforma-

tions are employed (in non-dimensionalized form) following Moore

(Ref. 1): ok A
(%) jf‘*"ff’ (13a)
P
(<
= ¥ P_—
» %
} ) (13¢)
*M\E
3= (é"! ? (134)
Also, since p = p(x,¢) only;we have
D . o Y B
3% - 3K T axt Y (14a)
2 = o oY o (14b)
os* &% >s¥ 2Y
2 - f*(ﬁ)"%:éu (140)
dy* e oY

Applying equations (9), (12), (13), and (14) to the governing

equations (7), we have the following system of equations:

~ ~ r~ 2
| P I i
B %) -5 ()

(15a)

MOMENTUM

P, 8\ .
Y(\'v Y>x (

o5 1
.
%

vi@-R
=7
<k

10
P

S
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Lt L (T N[ @ 8 (15b)
P f@ + 2(‘?* ¥ pe o Y Y+ YYY
ENERGY
* ~
L By (el S0\ R, oL B Rl L (P g, g
Y,} 1 4 % R
~> ~ Fond 2 o 2
A (.f:c P E ‘{i +-L (ny\ () ':(Y (15¢)
2 ,Pil r¥ _?\3 r\;?. Pr,
STATE
& )
__‘g, = P*%} (154d)
The velocities under this transformation are given by
b 4 owt @ 16
{ Y S tF; ng = 3&{ (162)
* -~
r"'w'*: i f,a - §Y (16b)

r#

II. 6. 2 Mangler's Transformation

The purpose of Mangler's trangformation is to reduce the
equations for an axially symmetric flow to those of a plane flow.
The object is to eliminate the explicit dependence of the "r"
term in the equations (15). With this in mind, it is convenient

to define the transformation in the following manner:
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x 2 43
§= kzj petdd = ket (17a)
3@
°
')Z = (« i Y (17b)
p= S (17¢)
)
F = k P (17d)
G: kg (17e)
Where k is an arbitrary constant.
The functions p*, p*, and T* are not transformed.
Thus,
9 - krprld 32 2
5% 3% 73X % (178
2 - kete 17
2 27 (17)
3 -~ =©
2 - e 1
o5 T ap (17h)

The velocity components now become

s. 1%, - F (18a)

uBYHF&JY ';) a
& T

Wik $y = Gy (18b)

Applying these relations to equations (15) we arrive at
the following set of equations:
MOMENTUM

";9’”95‘("3' 4355}@)5'” A

- .1 p¥

eg 3j = f‘*'Pg
] % \

(B F, 4t £ G F F- 19

*a(,,* * Soi ot ) ™+ 237 (19a)
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A - /_ G -
-l L p¥ L £F+;,i:GG +G (19b)
3es £* 4 Z(P*’ 368 7 * "7
ENERGY
Fh*-(/’..t__/__G‘ )5’1 + L GyhY :—’-(JF+—»JG‘ by
P ser P)  Tes T T 2lp Tseg o ?
*
/
f,("-rP +3—9—§ %?as) F’,;?, a G?} 1‘Pr~ hn {19¢)
STATE
' 2 Tt
e = P = (194d)
The corresponding boundary conditions become:
Atn = 0:
£ (80,8)= F(s,0,8)=0 (20a)
Gy (80,¢)=G(te,8)=0 (20b)
K (so08)= R, (20¢)
Asn =+ =:
Fy (8, e, 8)= U2 (8,8) (204)
Gy (§ =, 8)= wlse) (20e)

Y
K (g e, d) = hels,d) (208
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II. 6.3 Supersonic Conical Flow and Similarity

It is known that in the inviscid, conical flow existing out-
side the boundary layer on the cone in supersonic flow, the fluid
properties (i.e., velocity, pressure, density, temperature, etc.)
are constant along rays from the apex of the cone. In particular,

—%
p, = 0. This implies that if we consider the boundary layer equa-

R
tions along a ray of the cone, there will be no pressure gradient
in this direction and hence a Blasius type similarity transforma-

tion might be possible. Thus in analogy with the Blasius analysis

define

1 -3 ¥ N3
Az 8% = {?[(_ﬁ) ,S:f*dj*] (x*) (21a)
P* ‘

Fz 1 F(a0p) (21b)
Gz=8%g(a,¢) (21c)
F=Hh(a0) (21d)
otz e¥(4,4) (21e)
T = T°(4,4) (21£)

With these definitions the velocity components become

u*= Fy= £, (22a)

- - 22b
wH= G’;‘?x (220)

and the boundary layer equations (19) become
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MOMENT UM

(f+5% ?é” 29) 5,2 Bh, r 2Hh+ 250 (232)

(Fe3af+ 5% S )t Shhs L W5 £ 04 280270 (23)

ENERGY

($ris 209+ 59) " -Zh + & 9 £

36 pF

ary 2 ¥
z(jﬁM ‘“3») + 2 hy, = (23c)
Per
STATE -
2 L
L= (234)
* 1 %
Since h = -iT equation (23c) may be rewritten as

30 pt

, v¥
(:F.;._L f:(é)%.;._;%¢> _i%‘n + *I% P"(O‘)
a & 1
'4( :f-”\ 4-3;;\) + 2 T;t?\ = O (23c¢ )

The boundary conditions (20) are now
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At A = 0:
Folo,8)=Flo8)=0 (242)
Ia(0.8)= 30, ¢)=0 (24b)
THeg) = T (24¢)

As A > o
Fle8)= U2 (8) (244)
g (oo @)= W (B) (24e)
T*(e,0)= 75(8) (24F)

For zero heat transfer replace (24c) by
Tilo,g)=0 (24g)

We have a system of three equations for the three unknowns
£, g, T* in terms of two independent variables *, ¢.
For the case of small angle of attack these equations are
now reduced to a form consistent with the external flow field about

a yawed cone as given by equations (4).
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ITI. SOLUTION OF THE GOVERNING EQUATIONS

IIT. 1 Formulation of the Perturbation Equations

In the remainder of this report, the laminar boundary layer on

a yawed cone will be treated as a perturbation of the basic flow at

zero angle of attack, i.e., we will assume that

€3 S <<
e

(25)
Letting the subscript "1" denote the basic flow field, and "2" the

first order correction terms we can express f(A, ¢), g(A, ¢), and

*
T (A, ¢) as follows:

F(ae)= £(2)+ e, cosg £(A)+--

(26a_
g(ng)= €B,sing g, (A)+-- (26b_
TH0ng)= T¥(2) - €D, cos¢ T (A) 4o (26c)

It is also possible to express the pressure and density terms

appearing in equations (23) in perturbation form.

From the results presented in Sims Tables (Refs. 7, 8) for the

external flow field we can write the pressure distribution on the

cone surface to first order in ¢ as

f= P (1+ e(ePz)cosqi)

(27)
where P2 is defined by equation (5c¢).
Since we've assumed that the pressure does not vary through
the boundary layer (i.e., p* = p:) using equation (27) we are
able to find
:%3': -elehR)smg (28)
-P
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%!
In a similar manner it is possible to express E;
P

From the equation of state

A = ( | ) T
Nidd 2% ) pk

;( ::.J,) _T.*(/— e(ePz) cos¢)

AUEL

tion form.

*'
Multiplying p

first order in ¢

Pli. _ -l e(eR)smwg T
X 2%

Substituting equations (26), (28) and (30) into (23) and

. . , o .
equating the terms of unit order (e ) to zero give

:F‘g.\/ﬁ + Zﬁ///:: o
%’ 72 L
£ * 4 +§;T\ =0

Next the sums of terms of order e are equated to zero, giving

35,97 —2qi § + (L;l %
e

’” ” //___
3§ #3574, +(§%)3§ 9, * 6362’ =0
2

)T+ eq =0

34 TH # (-"l@— Te. 3(Du) § TMw 244747 - 6 _D_)T*".—. 0
fa \ e A: %?. \ (A:_j f\ 2 f\ fa Pr‘ (Az 2

2

Substituting equations (4) and (26) into the boundary

from equation (28) by equation (29) we have to

in perturba-

(29)

(30)

(31a)

(31b)

(32)

(33b)

(33c)

conditions (24) and equating terms of like order in ¢ defines the

heretofore unspecified constants AZ’ BZ’ D2 and provides the

necessary boundary conditions to which equations (31), (32) and (33)
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are subject:
A,=eA , B,=6B ; D,=6D (34)

J

where A, B, D are defined by equation (5).

Flor=flor=0 , £'()=) (35a)
/ - - ¢ -
fl (o) = fa(o)~<3 N fz(w)-l (35b)
9el0) =g, ()20 , gilee)= (36)
T =T, Te)= T
(37a)
ov T;”'(O\zo (insulated wall)
BN * -
Riley=0 o, Tilee)=| } (37b)
op T;*’(O\)T"O (insulated wall)
Due to the boundary conditions (35a), (36), and (37a) the
relation
¥ By
must hold in order that equation (32) be satisfied as A » =,
Hence equation (32) can be written as
” 4 & V72
e -red BT 6% =0 (332)

Equations (31) govern the velocity and thermal boundary layers
on a cone at zero angle of attack in a supersonic stream. Formally
they are identical to those for plane flow over a flat plate, the

difference between the flat plate and cone cases being a factor of
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Y3 in the definition of the independent variable. We have two
ordinary differentiai equations for the unknowns fl(Z) and T;(A).
Equations (33) represent the first order corrections in the flow
field due to a small angle of attack (e<<1). There are three
ordinary differential equations for the three unknowns gz(K)g
fz(A) and T;(k).

The only dependent variable appearing in equation (3la) is fl
so that the solution of this equation is independent of all the
following equations ( (31b), (33) ). TFurthermore, each succeeding
equation 1involves only one new dependent variable, so that each
equation can be solved once the preceding equations have been
solved. With the aid of a computer it is possible to find numeri-
cal solutions in a straightforward manner. However, before
proceeding to solve equations ( (31b), (33) ) numerically it is
advantageous to elimina;e the parameters related to a particular
geometry and flow field from the equations and boundary conditions.
The functions Ti(x), gz(X), fz(x) and T;(A) can be expressed
as linear combinations of functions which do not depend on physical
parameters in question. This vields a set of two-point boundary
value problems which can be solved once and for all, independent
of the physical parameters in question. By the appropriate linear
cembination of these "universal functions” it is possible to cal-
culate the boundary layer characteristics for any particular problem

in mind.
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I1T. 2 Development of Universal Functions

For computational purposes it is advantageous to consider the
insulated cone problem separately from the non-insulated one. Thus,
in what follows we shall consider independently the two problems:
the laminar boundary layver with heat transfer on a vawed cone, and
the laminar boundary laver on a vawed, insulated cone. The only
parameter appearing in the sclution of the differential equations

is the Prandtl number which is constant, but otherwise arbitrary.

_(Note: For a cone, the terms angle of attack and yawed are synonymous )

IT1I. 2.1 Differential Fquations for the Flow with Heat Transfer

To eliminate the parameters appearing in equations (31) and
*
(33), and in the bhoundary condition(37a), the functions Tl(x),
gz(k), fz(l), and T;(A) are expressed as a linear combination of

functions not depending on these parameters. Thus, define

THAYE T (RS- T T = T(d) (39)

g, (M= F(0)+ 2, (%(a) : T»?gaz(ﬁ\)> + 9N (40)

(=4 (0 5%[5&(9\3 + _%&(fzam + T;;*chm)} (41)
e i
A = T, () + AL (Tr-T9 R (2 BT, (A
2 D{ T )[ 2l ) + ﬁ( aa( )
Fa

+2 T(n) + 2T T“(o\))] b Tas ()
T

+,2,;§(T2<,(2>+g

A
on =N T},(?\) + %*Tw Tze(?t) )} (42)
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The coefficients in these equations can be determined for any parti-
cular problem from equations (5) and Sims' Tables (Ref. 7 and 8).
Upon substituting equations (39) through (42) into (31) and (33),
the following differential equations and boundary conditions for

supersonic flow over a yawed cone with heat transfer are obtained:

o I
§ai& + 25 =0 (43a)
Frorv=$ )0, F(e)=] (43b)
:%0 T;\, + B T\//:O (44a)
Pn
Tylejz=0 , T(e)=l (44b)
’ 2
£ Taz""’ ‘f?;ﬁ;_,= "/(5';/,) (45a)
Pe

Tieloyz Tple2)=0 (45b)
35, %Z - aiy%;a * 6%:{ = Te (46a)
9e, (0) =9,(0) = §;, () =0 (46b)
3:9\ %:’a - 23%,%:1 1"632':/ =Ty~ (47a)
90 (0)= G,,(0)= g (0)=0 (47b)

¢ o\2
35,47 - 25 e, » 694 =2 (F-T) (482)

4

9.,(0)=9,,00) = gL ()=0 (48b)
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f’#fza * :é?g f: + a3(,.:”‘-'-0
JC,,: (o) =j‘;!(0§:o , 2"(.@)-.: )
Fhot 550+ 28] = 45 F )
£ tor= £,(03=£ (=0

P o~
£ 4%

“ 3 L4 4
ek T VRS
¢ ¢

fis (0D :jczs(o) = :Fzs (eo)= 0
“ [ i &
3 )%" ‘kj’“fzv * af;q = _éf\,/?az
‘ﬂi oy = :F”(C:) = :ﬁ; (e0) 2O
* 4
3, Tzf + %—Tza/ =-T/ £,
Tafod= Ty le0) =0
.'.F T, + 2 T‘” = “LT/(3_{-
e T Tee el 22+ 5+ %as)
T 0) = Toa(®) =0
“
§| Ta,; + 2T, = -_1_'[:!'(3‘{23 +93 )
Pr 3
T,3(0) = T;3(°°) =0
’
T+ 2 T m T (35 44ia)
qu (0)3 Tzq (”) = O

(49a)
(49b)

(50a)

(50b)

(51a)

(51b)

(52a)
(52b)

(53a)

(53b)
(54a
(54b)

(55a)
(55b)

(56a)
(56b)

’ #
f Tas ¢ F’% Ts = e \” a/i = Tl'll §z| (57a)
Taelo) = Toelw)=0 (57v)
¢ £ " 4
f‘ To * fp% T = ‘%‘ [T.,_ (3§az,+§|+gza)'2q3c‘”3czz] (58a)
(58b)

Tz;,(@s = Tié(w) =20
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STt 2 TS5 = %(Taé_ (3£,5+4:1) —2*135,’352’3’) (59a)
()= Ty(=)=0 (59b)

’ /4 2 Y/
§iTe ¢ 2T = %( T (3£, +922) - 24£7 £,

TQB(DB = Tag(‘*): o

We have a set of 18 uncoupled, linear (with the exception
of equation (43)), ordinary differential equations which depend
only on the Prandtl number. With a specified Prandtl number the
equations may be solved once and for all, independent of the
physical parameters of the problem. The numerical solutions to
these equations will be briefly discussed in Appendix A. The
results, for Prandtl number of 0.72 and 1.0, are tabulated in

Tables I and IT.

IIT. 2.2 Differential Equations for Flow Without Heat Transfer

The case of zero heat transfer is treated in an analogous

manner to the heat transfer case above. We define

)= T T,() (61)

o

g (M= G+ 2 G, (N (62)
T#

f,(0 = T o - L (sz'* £, +3c?_3m> (63)
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T*) = 1+ _A‘("ff;hm + 28 {_%, T,0(2) 4 'ﬁ,Ja)}) (64)

D1 oA [ T¥

Substituting these relations into equations (31) and (33)
yield the governing equations and boundary conditions for super-

sonic flow over an insulated cone at small angle of attack:

i?:‘:a;fl* 2?.’”” (65a)
Flo)=F(y=0 , Fl(e)=1 (65b)
§T0e 200= - u(F) (o6

Pr
F (o) = ?jj(*)=0 (66b)
3;\?55 - Z;r:/q;x + 6%‘2: =-2 (67a)
3, (0 =G, )0 g7 (=)= (67b)
354y - 284+ el = - T (682)
Go0) =G, l0) =g [e)=0 (68b)

:F‘”fza * §a:{:2: + 2 f}_, =0 (692)

F=f =0, == (69b)
7 2 2y Rt Pl
JC‘ 3sz.+§\:§22 t 2 22 3 CJza (70a)

~y lod o
£, =Fle)=£)(=)=0 (70b)
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4 Ny 2 e
- i

fLiey= T, = £ (e)=0 (71b)

g"‘/ a’*’//_ 2p 0 ~u 2y
1 T2y + 2Ty = Ty f,, +8 (72a)

Pr ] 21
T ted= T (=) =0 (72b)

~ ~/ pr ~ ~ ) ~, Nll‘

§ Tz Tor = %(T,, (§,,~3%,) - 2v£"£] ) (73a)
Tole)= T () =0 (73b)

2o~ oy ~ ~ -~ 2wy
:9\ Tes T+ P2v~ Toy = ;(Tnl (%a|‘33aza) 24 f, 7€.3 ) (742)
Talod=s Tyle) =0 (74b)

For this case we have ten uncoupled, ordinary differential
equations, again depending only on the Prandtl number. The
numerical wsolutions for these equations are obtained in the same
manner as discussed in Appendix A. The results for Prandtl

numbers 0.72, and 1.00 are presented in Tables III and IV.
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1V BOUNDARY LAYER CHARACTERISTICS

In this section the imnortant bocundary layer characteristics
arising from a supersonic flow over a yawed cone will be summarized.
Before continuing it should be noted that the present analysis is
valid only in the limit of vanishing angle of attack. That is, all
terms multiplied by & represent rates of change with angle of attack,
evaluated at zero angle of attack. Whether or not absolute change
for a small finite angle of attack can be obtained from this theory
depends on the relative size of the effect computed, rather than on
the size of ¢, and depends further on the unknown second and higher
derivatives of the quantity with respect to €.

For ease in application of the analysis, the results for the

flow with and without heat transfer will be presented separately.

IV. 1 Flow without Heat Transfer

Velocity and Temperature Profiles - The circumferential and

* *
meridional velocity components are given by w and u respectively°

From equations (2la), (26), (62) and (63) we find

LU",(A,(?S) = e Bz SIN¢E§:!M) + %{z(ﬂ)] (75)

2

B

w(n,8) = FreAscosg [jé;(a) -28

N, N,
(;,g_z('ﬁ\) +_%* }23(9\))} (76)
* *
These equations may be divided by v, and u, given by equations

(4) to give, for gx<l,

* ~ o, N,
%* = 9, (M + .,?% CIALY (77
(-
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P 30(,,\)+6Aacos¢{ Eln+ a_g(a o g (a) fm} o
u*

In a similar manner using equations (4c¢), (26¢), (61l), and (64)

we find the following expression for the static temperature ratio

T T# D oA T

In defining heat transfer coefficients the adiabatic wall tem-

g Y eocqs¢§ [T mw&[z 7,047, m] ?‘_1‘,,(_»}

perature is a useful reference temperature. Hence, for completeness,

the dimensionless adiabatic wall temperature will be defined here as

follows:
T2 T+ T oy~ eD; Cczsgf{ !+ _a( Tarlo) + 3&[
> eA,
2, Toalo) + ﬁﬁﬂpj (80)

- Skin Friction - In terms of coefficients the meridional and

circumferential components of the viscous shear stress at the wall

T Fu (ﬁ.ﬁl>

Ce = _2_ QW
* Fﬁa(ﬂby )w

may be written as:

The quantities in the above expressions are expressed in dimen-
sional form. In terms of the results presented in this report we

can rewrite the expressions as

Cx

CJ:# \l_ég. € B SIN¢{§”(0)+_&_ c}"(o)} (81)
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Cs, = IR {JC (o)+€Aacos¢{@P2 :f () +5”(o)

=28, L4 r )
v (%A&J“ 7 s )]} (82)

e

oux

where Re =
X

el

is a Reynolds number based on the distance from the cone apex and on
the fluid properties evaluated in the inviscid flow at the cone sur-

face for a cone at zero angle of attack.

IV. 2 TFlow with Heat Transfer

Velocity and Temperature Profiles - The dimensionless velocity

ratios in terms of results presented in the report are, using
equations (4), (26a, b), (40), and (41), given by

$ . s ’ LIS ¢ 83
"f}f'g = FH(W) +g7 ) +%5 q () %Tw % a) (83)

g_ :‘}. (AY+ €A, cosg [chg(ﬂ + 5 A, 28 (f‘ezf")* T4 5'23(9‘) + ‘r"Tw fe&(m))
u&

- §/(n) (84)
The temperature ratioc is found by combining equations (4c),

(26¢), (39), and (42):

T [T\%(Tsﬁ“mm-TJM]‘GACDSs*S[Tu(’\\

Tj - T# f&l

: &{(Tsc?“é (Tm(m 128
2 ‘ .

{ T, + 2 T (A) 42 T*'l;q('h})
D T*

2
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+ Tae() + 28, ( T (M + 2
6 T

Az

_( T (T - F¢) T =T\a(a))}]

T () +2 T 25(9\))} (85)
« T

Skin Friction - Applying the same definitions for the skin

friction coefficients used in Section IV. 1 above, the following

relations, in terms of the tabulated results, hold:

C¢-2‘3Q eB, 3/N¢{«§ mwg”ron (3 o)+ T caz"am)} (86)
Re

C{-,(: al y ' {:5;//(0) + QA cas;&[ f. (o) +§”(O) + 282 (f”(o)
fo A?.

” Yid -] &
ok, g0 BT >]} (87)

Heat Transfer — The heat transfer rate to the cone surface

can be expressed (dimensional) as

$=~ (3 y) o

‘K‘W = Cg FW

Pv

In terms of quantities presented in this report, equation (88)

where

can be expressed to first order in € as

r%ux (/ + € (eR) cosﬁ) 'G“(O,(ﬁ) (89)
2
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The heat transfer coefficient %(x) is defined by

?L = (Tw“nw ) ?"(7()

(90)
or using (88)
Dey= 58 [3a (/ + e (eR)cosg )Tg\*(%) (91)
Tow= T Rex a

Denoting the heat transfer coefficient at zero angle of attack,

by ﬁ}(x), we can write, in terms of the tabulated results,

B = i+ecos¢~% oft o ‘ {.93; T, (o)
A ¥ E=a ’ ‘
h, ZAg (Ta-T)Tie + Tae) [ A,

& pﬁa T* -"i

+ (T&‘ﬁ*){’g@fo‘w%ﬁg (Tz.,_<o)+_a_T2,(a>+_a_ Tk Toy (0 )]

+ T?;(on 28, (Tahlo)-}- - Tagtey: 2 TE T2 o) ] + Da (92)
gAg Tg Tﬂ. & - TJ

o~ - ,o -
(o ga s e me )i

%
where T - is the dimensionless adiabatic wall temperature defined

by equation (80).

The local heat transfer coefficient can also be written in
terms of the local Nusslet number.
Define

A
Nug = hig) X Ty

lw 93
A (93)
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substituting equations (91}, (26c), (39), and (42) into (93) gives

Nu, = _:J,,_, (- Ta (0) = (T2-T*) T t0) - € Ay cos¢
Re,( ﬁw'“T;f z
34

Do The) + (Tp-T ){ T, (o) +28 (T;z(o)
B oA,

+ 2. T 0y +2 T Tﬂ(o)) + Tzfr“) + 2B (Tz;(o)
T* T‘g QAg

PR T 2T R @) - oh (T
Tf ?J\S EAE.
+<w-w“-*mm)"§ . o4

For a calorically perfect gas the recovery factor can be
defined as

r = T::"TJ
4 T;,f-m .r: (95)

ot
where TO°° is the non—dimensionalized free stream total temperature.
By combining equations (4d) and (80) we find that to first order

in e, the recovery factor can be expressed as

poe 'T‘(o)aGDcs b [A T eryr 2B (2 T.lo
S w{w‘.[o; o 25

z;.,(o)})] + T’“) T.lo)} (96)
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V RESULTS AND COMPARISON WITH EXPERIMENT

The results of the previous section can now be used to deter-
mine the velocity and temperature profiles, heat transfer rates, and
other boundary layer characteristics for representative cones in
supersonic flow.

Tracy (Ref. 12) measured the heat transfer rates around a yawed,
10° semivertex angle, pointed, right circular cone in a free
stream Mach number eight flow. Most of the data was taken at a
Reynolds number of 4 x 105 {based on distance from the apex), and
a wall temperature ratio (Tw/Ttw) of 0.4. The yaw angle was
varied from zero to 24°. The wall temperature was maintained at a
constant value within the bounds of experimental error.

A comparison between the present theory and the experiments
of Tracy can be made with the aid of equation (92). With the free
stream conditions given in Tracy's report in Table II for Figure
S5, and the use of equations (5) and Sims Tables, the coefficients
appearing in equation (92) can be calculated. Using the results of
Table I for a Prandtl number of 0.72, the local heat transfer rate
around the cone can be calculated for different values of the angle
of attack. The results éf thése calculations are presented in
Figure 2.

For angles of attack ué to 6°, agreement between experiment
and theory for the entire windward portion of the cone is quite good.
Even for a = 16°, the present theory overestimates the heat transfer

rate only by 9.6%, not an unacceptable error considering the assumptions
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made in the theory. Beyond this point the error increases, thus
indicating a breakdown of the linear theory used in this report.
When considering the flow arcund the entire cone, however,
Figure 2 shows that good agreement is obtained only for values of
angle of attack up to 2°. By the time a = 3° there is a significant
discrepancy between theory and experiment for ¢ = 120°, and it gets
worse for larger yaw angles. This deviation pcssibly‘indi@ates the
onset of separation of the boundary layer from the cone surface, at
which point the theory is no longer valid. One indication of the
onset of separation is the vanishing of the shear stress at the
wall, T In Figure 7, the skin friction coefficient is plotted
versus the circumferential cone angle for various yaw angles. The
curves clearly show the skin friction approaching zero as the angle
of attack is increased. Furthermore, for increasing o, the skin
friction approaches zero f@r‘smalier circumferential cone angles.
Thus, there is a qualitative relationship between the discrepancy
of the theory and experiment for the local heat transfer rate and
the vanishing of the shear stress at the wall. This, coupled with
the fact that the heat transfer rate increases when the flow separates,
enhances the possibility that separation of the flow has occurred.
Another possible explanation for this discrepancy is the inadequacy
of the inviscid flow field theory near the leeward portion of the
cone (see Ref. 12).
Figure 3 shows the hesat transfer rate versus angle of attack in
the most windward (¢ = 0) and leesward (¢ = 180°) planes of symmetry.
The theory agrees favorably with Tracy's results in the windward plane of

symmetry for all angles of attack, the maximum error being 9.6% for

o = 16°. In the leeward plane of symmetyry, however, the theory fails for
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angles of attack greater than six degrees.

The effect of the Prandtl number wvariation on the heat transfer
rate due to angle of attack can be seen by considering Figure 6. On
the windward portion of the cone, a Prandtl number of 0.72 results
in a smaller heat transfer ratio than that occurring for Pr ® 1.00,
the difference between the twe becoming more pronounced as the
angle of attack increases. On the leeward side of the cone, however,
the differences are quite small. In all cases the heat transfer
varied roughly as PrO'BIQ The effect of Prandtl number on the
velocity profiles was quite small and therefore was not explicitly
displayed in Figure 4. Consequently the Prandtl number had a negli-
gible effect on the skin friction.

Figure 8 shows the variagtion of the circumferential velocity
ratio and the skin friction coeificient for insulated and noninsul-
ated surfaces. The velocity ratic reaches a much higher maximum for
the insulated wall than for the wall admitting heat transfer. Also,
the skin friction coefficient is higher for the insulated surface on
the windward portion of the cone and lower on the leeward side than
for the non-insulated wall. In Figure 5 the static temperature pro-
files are plotted for insulated and noninsulated walls in the planes
of symmetry.

Figures 2 and 3 show that the angie of attack has a significant
effect on the heat transfer rate to the cone, causing an increase
in heat transfer on the windward side and a decrease on the leeward

side from that occurring at zerc vaw. A similar effect is noted in
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Figure 7 for the skin friction coefficient. Finally Fipures 4 and 5
display the changes in the meridional velocity profile and the static
temperature ratio which occur at angle of attack.

Figure 9 gives the variation of the temperature recovery factor,
re, versus the angle of attack in the windward and leeward planes of
symmetry for a Prandtl number of 0.72. At zero yaw, re = 0.844, a
value which agrees quite closely with the accepted value of re = Prl/z
for laminar flow. The recovery factor increases slightly on the
windward side and decreases slightly on the leeward side of the cone
as the angle of attack is increased.

As mentioned in the introduction G.M. Low considered an equiva-
lent analysis to the one presented in this report which was never

published, However, Reshotko in reference 4 has tabulated in Table II

several quantities from Low's analysis. The numbers in that report

1Y
are given by the parameter ww, and are related to the shear in the

circumferential direction. The equivalent parameter in this report
is given by g;(O), equation (40). For all applicable conditions
given in Reshotko's report the maximum discrepancy between w; and
g;(O) was found to be 0.0111, an error of 0.59%. A further check
on the accuracy of the solutions presented in this report was made
by comparing the insulated wall results with those cobtained by Moore
in reference 2. No significant differences appeared in comparing
the present approach with Moore's results.

It should be remarked that this analysis will apply to any

Mach number greater than one as long as we stay within the limits of

ideal gas analysis and the Sims Tables.




VI. CONCLUSIONS

The governing equations for the compressible laminar boundary
layer about a circular cone at a small angle of attack have been
obtained bv a perturbation of the flow at zero angle of attack.

The form of the perturbation quantities was chosen to be compatible
with the stream boundary conditions provided by the inviscid ner-
turbation theory.

By the appropriate linear combination of terms, a set of
ordinary differential equations for universal functions is obtained,
and is solved once and for all, independent of any particular
surface geometry and flow conditions. These functions are tabu-
lated for both insulated and noninsulated surfaces for Prandtl
numbers of 0.72 and 1.00.

Agreement between the theory and experimental data is found to
be quite good in the most windward streamline for yaw angles up to
12°, When considering the fiow around the entire cone discrepancies
arise for angles of attack greater than 2°. This possibly indicates

the onset of separation of the bhoundary laver.
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APPENDIX A

Numerical Integraion of Universal Functions

Each of the differential equations given by equations (43)
through (60) for the heat transfer case, and (65) through (74)
for the insulated wall case, constitutes a two-point boundary
value problem. With the exception of Blasius equation (i.e.
f,(ﬁ)) all the equations are linear, and the superposition prin-
ciple can be used to satisfy the boundary conditions at infinity.

The method can be summarized as follows (Ref. 14). Suppose
¥+ Praoy o+ Queyym) = F(x) (A-1)
and yay=A y(b)= B asxsh

is the two-point boundary value problem under consideration,

Let u(x) be any solution of

«+ Pu+Qu=F

which satisfies the condition u(a) = A
Further, let v(x) be any nontrivial solution satisfying the

homogeneous equation

vi+ Py + Qv =0
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satisfying vV (3)=0

then the solution to (A-1) is given by

yx) = u(x) + B-ulb) v (A-2)
v (b)

As long as P(x), Q(x), and F(x) are continuous in (a,b), the
initial slopes u' (a) and v' (a) are chosen arbitrarily as long as
v'(a)‘ # 0.

The Blasius equation was integrated using an Adams-Moulton
integration scheme using one correction per step, while the linear
equations were integrated using a Forth-Order Runge-Kutta method.

For all equations a fixed step size of 0.02 was used.
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APPENDIX B

Explanation of Tables

The following tables are reproduced directly from the
prin;ed computer output. Hence some clarification is needed
concerning the symbols given in the tables and those presented
in the report.

In Tables I and II we have the following correspondence

between the symbols:
LAMBDA= A

FL=f , F1'=f" , F1"= £

H

TI1=T, , Ti'=T, ; T2:T,

H]

T2’ T,

?

- P s ’ v._ - _ //- Ve
Galz=g, ,621=q, , G2l :‘?':; ; 622=q,, , Ge2’z ?2’2 , G22 =%

~e

_ /= ’ v, Vi /‘= 4 ”_ /
G233%,, , 6’23‘%3 > 628 ‘325 F2’a£; ’ Fal 21 Fel =CF

/

[ 4 /
Fa2 =1, FZZ./ij:Z; , Fee's zlp_ Fa3=f,, , F23=f; , F'2_3";f2/;

2 9 M

4 / v
Fausf, , Fed'sf | Fay"2f£,; T21=2T, , T2z T

2

/

TozsTy, , Te2®Ty : TezeT, ,T23=T,, ; T24sT,, , Ta: T,

H

TeS T , TSETo  TeerT, , Tw'= T

- VW AN - /. /
T272 T, , Te1'=T,,  T28sT, T28°2 T,,
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In Tables III and IV

LAMBDAE A

= ? e ~ ~ ~ P " “~
Fl.?-’ji ) Fl's:ﬁ ) Fl”afqlf > Tll?'T;» ) Tllli Tn/

?

~ =7 ~ _27 ~ VR ~ _n ~ Yy ~ .y
G212, , Gal'=q, , G229, ; G=g,, , ca'=q, , 6" :q,

~ “I' A~ ..M/ -N//, ~ .‘N ~ gNl -~ //—na/

Fazf, , Fersf , Fu”=f] ; Feezf, , Fex'sf , F2d'= -
- E - Y S . o= ~ /s

Fessf,, , Fa3=f,, , Fe3'=f,  T2l=T,, , T21'=Ty

- . &= ~ - ~ ~ ~ ;] N

Teez T, , Teze T, § Te3=T, , T23'F Ty
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